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Abstrat
The one-dimensional XXZ model (s = 1/2, N sites) with uniform
long-range interations among the transverse omponents of the spins
is onsidered. The Hamiltonian of the model is expliitly given by H =
J
∑N
j=1
(
sxj s
x
j+1 + s
y
js
y
j+1
)
−(I/N)∑Nj,k=1 szjszk−h∑Nj=1 szj , where the
sx,y,z are half the Pauli spin matries. The model is exatly solved by
applying the Jordan-Wigner fermionization, followed by a Gaussian
transformation. In the absene of the long-range interations (I = 0),
the model, whih redues to the isotropi XY model, is known to
exhibit a seond-order quantum phase transition driven by the eld at
zero temperature. It is shown that in the presene of the long-range
interations (I 6= 0) the nature of the transition is strongly aeted.
For I > 0, whih favours the ordering of the transverse omponents of
the spins, the transition is hanged from seond- to rst-order, due to
the ompetition between transverse and xy ouplings. On the other
hand, for I < 0, whih indues omplete frustration of the spins, a
seond-order transition is still present, although the system is driven
out of its usual universality lass, and its ritial exponents assume
typial mean-eld values.
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The observed ritial behaviour of magneti materials, in the very low
temperature limit, has renewed the interest in the study of magneti quan-
tum transitions (S.L.Sondhi,S.M.Girvin,J.P.Carini and D.Shahar, Rev. Mod.
Phys. 69, 315(1997)) . Sine these transitions, whih are governed by
quantum utuations, our at T=0, the one-dimensional models play a im-
portant role in their study . Therefore, we will onsider the exatly soluble
one-dimensional XXZ model (s = 1/2), with a uniform long-range intera-
tion among the spins along the z diretion. Due to the long-range interation,
the model also presents lassial ritial behaviour, with transitions of rst
and seond order, and it has already been onsidered by Suzuki (J. Phys.
So. Jpn. 21, 2140 (1966)). Sine his study was restrited to the analysis of
the lassial seond order transition of the model, and we are interested in its
quantum transitions, the model will be onsidered again. In partiular, we
will be interested in the eet of the long-range interation on its quantum
ritial behaviour.
The Hamiltonian of the model is given by
H = J
N∑
j=1
(sxj s
x
j+1 + s
y
js
y
j+1)−
I
N
N∑
j,k=1
szjs
z
k − h
N∑
j=1
szj , (1)
where J > 0, N is the number of sites of the lattie and we assume periodi
boundary onditions. By applying the Jordan-Wigner fermionization[1, 2℄,
followed by a Gaussian transformation, we an write the partition funtion
of the model as
ZN = Tre
−βH = C(β)
∫
e−
N
2
z2
Tre−H˜(z)dz, (2)
with
H˜(z) =
βJ
2
N∑
j=1
(c†jcj+1 + c
†
j+1cj)− h˜(z)
N∑
j=1
c†jcj , (3)
where h˜(z) = β(h − I) +√2βIz, C(β) depends only on the temperature, a
boundary term has been negleted in H˜(z), and the cj are fermion operators.
Introduing the Fourier transforms
cj =
1√
N
∑
e−ikj cˆk, (4)
2
we an rewrite H˜(z) in the diagonal form
H˜(z) =
∑
k
ε˜k(z)cˆ
†
k cˆk, (5)
where ε˜k(z) = βJ cos k− h˜(z) and, due to the periodi boundary onditions,
k = 2pin/N (n = 1, . . . , N). The partition funtion is then given by
ZN = C(β)
∫
e−
N
2
z2
∏
k
[
1 + e−ε˜k(z)
]
dz, (6)
whih, in the thermodynami limit (N → ∞), an be evaluated by the
saddle-point method. By expliit alulation, we onlude that
m ≡
〈
1
N
N∑
j=1
szj
〉
=
z0√
2βI
− 1
2
, (7)
where z0 is the value of z whih makes the integrand in Eq. (6) a maximum.
Notiing that z0/
√
2βI is just the average number of fermions per energy
level, we an write the equation of state of the system,
m =
1
2pi
∫ 2pi
0
dk
1 + e−ε˜k(m)
− 1
2
, (8)
where ε˜k(m) = βJ cos k + β(h + 2Im). In the limit T → 0 (β → ∞), for
(h+ 2Im)/ ≤ J, Eq. (8) takes the form
m+ 1
2
=
1
pi
arccos
(
−h+ 2Im
J
)
, (9)
whih, for I = 0, readily redues to the well-known expression for the XX
hain [3℄. To analyze the behavior of the model near the quantum ritial
point, assuming h ≥ 0, we dene the order parameter [4℄ σ ≡ 1
2
− m and
expand Eq. (9) to seond order in σ → 0+, obtaining
pi2
2
σ2 − 2I
J
σ =
hc − h
J
≥ 0, (10)
where hc = J − I. For I = 0 we regain the usual XX hain result
σ ∼ (hc − h)1/2, (11)
3
while for I < 0 we get the expeted mean-eld saling form
σ ∼ (hc − h)1. (12)
Note that Eq. (10) annot be satised for I > 0, an indiation that in this
ase the model undergoes a rst-order transition at h = hc to a state where
the transverse magnetization is saturated (m = 1/2). In this ase, there is a
hysteresis yle assoiated to the transition, whih is due to the presene of
the metastable states. These states an be identied by looking at the free
energy whih, for (h+2Im)/ ≤ J , and in the limit T → 0, is expliitly given
by
f =
h
2
− J
pi
[
sinϕ+
(
h + 2Im
J
)
ϕ
]
+ I(m2 +m), (13)
where ϕ is dened as
ϕ = arccos
(
−h+ 2Im
J
)
. (14)
Taking the limit h → 0 in Eq. (13), and by imposing that f(0) = f(1/2),
whih are minima of the free energy, we an show that the systems presents
spontaneous magnetization for I/J ≥ 4/pi .
The previous analysis allows us to determine the phase diagram of the
model at zero temperature, shown in Figure 1. Notie that there must be a
nite temperature ritial line ending at the point (h/J, I/J) = (1, 0), whih
is thus analogous to a biritial point. The nite temperature behavior of
the model will be onsidered in future work.
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Figure aption.
Figure 1. Phase diagram of the model at T = 0. The solid and dashed
lines indiate seond- and rst-order phase transitions, respetively. The
diagram has of ourse mirror symmetry with respet to the I/J axis.
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